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The fully self-consistent Hartree-Fock (HF) plus random phase approximation (RPA) based on
Skyrme-type interaction is used to study the existence problem of proton semi-bubble structure in
the 2+1 state of
34Si. The experimental excitation energy and the B(E2) strength of the 2+1 state
in 34Si can be reproduced quite well. The tensor effect is also studied. It is shown that the tensor
interaction has a notable impact on the excitation energy of the 2+1 state and a small effect on the
B(E2) value. Besides, its effect on the density distributions in the ground and 2+1 state of
34Si is
negligible. Our present results with T36 and T44 show that the 2+1 state of
34Si is mainly caused
by proton transiton from pi1d5/2 orbit to pi2s1/2 orbit, and the existence of a proton semi-bubble
structure in this state is very unlikely.
PACS numbers: 21.10.Gv, 21.60.Ev, 21.60.Jz, 21.30.Fe
I. INTRODUCTION
The discussion of new topology structure of nuclei can
date back to H. A. Wilson [1] and J. A. Wheeler [2] prior
to 1950s. The bubble structure is one of the simplest but
widely discussed topology structure in history [3–8], and
it is still a hot topic both theoretically and experimen-
tally in recent years [9–24]. However, a bubble structure
is not expected to exist in nuclei because the nature of
nucleon-nucleon interaction will lead to a saturation den-
sity (ρsat ∼ 0.16 fm
−3) at the center of nucleus. Although
the “true-bubbl” structure with vanishing density at the
center does not exist in realistic atomic nuclei, there is a
possibility that a “semi-bubble” structure with a signifi-
cantly reduced density in nuclear interior can be formed
in some nuclei with particular configurations. This is also
the main subject of this work.
The occurrence of a (semi-)bubble in a spherical nu-
cleus is a direct result of the nucleon deficiency in the
s1/2 orbital, which is the only one that contributes to
the central density. Theoretically, a (semi-)bubble struc-
ture can exist in many nuclei, ranging from intermediate-
mass isotopes to hyperheavy systems, including 34Si [9–
11], 44S [12], 46Ar [12, 13], neutron-rich Ar isotopes
around 68Ar [13], 36Ar and Hg isotopes [3–5], super-
heavy and hyperheavy isotopes [14–17], etc. Some of
these candidates, such as 36Ar and Hg isotopes, have
been ruled out by experiments [18]. However, other can-
didates are still standing. Especially, the proton semi-
bubble structure in 34Si has been consistently predicted
in many works by using different models, such as shell
model (SM), nonrelativistic and relativistic microscopic
mean-field approaches [9, 10], and ab initio self-consistent
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Green’s function many-body method [11]. Experimen-
tally, A. Mutschler et al. [19] recently found that the
2s1/2 proton orbit in
34Si is essentially empty by using
the one-proton removal reaction technique. Their work
provides the first experimental evidence for the existence
of a proton semi-bubble structure in the ground state of
34Si and also motivates us to study the same problem in
its excited state.
Most of the works mentioned above are concentrated
on the ground state of the candidate nuclei. For the low-
lying states some researches were reported in Refs. [3, 20,
21]. In these works, different methods were applied, such
as the Strutinski’s theory [3] and the projected generator
coordinate model (GCM) [20, 21]. In principle, models
such as time-dependent Hartree-Fock (TDHF) and RPA
maybe also valid in this topic. But so far, there is no
report about the research on this topic done by these
models. In this work, the fully self-consistent HF+RPA
model with Skyrme interactions is adopted to study the
existence problem of the proton semi-bubble structure in
the low-lying state of the “doubly-magic” nucleus 34Si
[25].
It is well-known that RPA is the small amplitude limit
of the TDHF. So, in principle, the spherical HF+RPA
method can only be applied to describe excited state with
small deformation. Although the big deformed 0+2 state
of 34Si has been detected in experiment [26], it is now
beyond our reach to reproduce this state. Thus, in this
work, we will limit ourselves to the 2+1 state of
34Si, which
might be well reproduced in the HF+RPA model.
Moreover, we are also interested in the role played by
the tensor interaction on the bubble structure in the low-
lying state of 34Si, as the tensor interaction was reported
to have strong effect on the low-lying collective state of
nuclei [27–31]. In addition, the effect of the Skyrme ten-
sor force on the bubble stucture in ground state was
also studied through the HF or Hartree-Fock-Bogliubov
(HFB) method in Refs. [22–24]. We deem interesting to
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study if the tensor interaction has an effect on the proton
semi-bubble structure in the low-lying state of 34Si.
This paper is organized as follows. In Sec. II, a few
necessary details about the method is presented. Sec.
III displays the numerical details in the present calcula-
tions. The results and discussion are presented in Sec.
IV. Summary and prospect are made in Sec. V.
II. FORMALISM
The basic ideas and details of HF and RPA can be
found in a mass of textbooks [32, 33] and papers [34, 35].
Here, we will only give some formulas that are necessary
for explanation.
In spherical case, the wave function of a single parti-
cle (s.p.) state (denoted by α) with principal quantum
number nα, orbital and total angular momentum lα, jα,
total angular momentum projection mα, and isospin qα
can be written as:
φqαα (~r, σ) = Rα (r)
[
Ylα (rˆ)⊗ χ1/2 (σ)
]
jαmα
χqα (τ) (1)
where χ1/2 (σ) and χqα (τ) denote the two-component
spinor in the spin and isospin space, respectively.
The creation and annihilation operators of the RPA
phonons with angular momentum JM are defined as:
A†mi (JM) =
∑
mmmi
〈jmmmjimi | JM〉 a
†
jmmm
ajimi
Ami
(
JM
)
= (−1)J+MAmi (J−M) (2)
where a†α and aα are the creation and annihilation oper-
ator of α s.p. state. And in this paper, we will always
use m,n to denote unoccupied states and i, j to denote
occupied states.
The excitation operators in RPA are linear combina-
tion of the particle-hole (ph) creation and annihilation
operators:
O†λJM =
∑
mi
{
Xλmi (J)A
†
mi (JM)− Y
λ
mi (J)Ami
(
JM
)}
(3)
where λJM denotes different excited states with total
angular momentum JM , X and Y denote the forward
and backward amplitudes, respectively. And the RPA
matrix equation is:
(
A B
B∗ A∗
)(
Xλ
Y λ
)
= Eλ
(
1 0
0 −1
)(
Xλ
Y λ
)
(4)
where Eλ is the excitation energy of the λth excited state.
And A, B are the matrix elements derived from the sec-
ond derivatives of the Skyrme energy functional [35].
The density of excited state |λJM〉 in RPA model is
[36]:
ρqλ (~r) = 〈λJM |ρˆq (~r)|λJM〉
=
〈
RPA
∣∣∣OλJM ρˆqO†λJM
∣∣∣RPA〉
≈
〈
HF
∣∣∣[OλJM ,
[
ρˆq (~r) , O
†
λJM
]]∣∣∣HF〉
+
〈
HF
∣∣∣[OλJM , O†λJM
]
ρˆq (~r)
∣∣∣HF〉 (5)
where |HF 〉 and |RPA〉 represent the HF vacuum and
RPA vacuum, respectively, and q denotes either proton
or neutron. To obtain equation (5), we have assumed
the so-called “quasiboson approximation”. The density
distribution of excited state |λJM〉 can be easily derived
by expanding formula (5) and using the s.p. wave func-
tion in formula (1). And it can be expressed as a sum of
multipole components:
ρqλ (~r) = ρ
q
HF (r) + ∆ρ
q
λ (~r)
≈ ρqHF (r) +
∑
L ≥ 0
L is even
ρqλL (r, cosθ)
≈ ρqHF (r) +
∑
0 ≤ L ≤ 2J
L is even
ρqλL (r, cosθ) (6)
where ρqHF (r) is the ground state density distribution,
and ρqλL (r, cosθ) ∝ YL0 (rˆ). When the “quasiboson ap-
proximation” is accurate enough, the L > 2J compo-
nents should be very small, which is the reason for the
last equation in formula (6). In fact, the L > 2J compo-
nents in the present calculations are smaller than 10−11
fm−3.
Formula (6) suggests that the density distribution of
the J > 0 excited states are actually axially symmetric
in the HF+RPA framework. Our calculations show that
the density distribution of the 2+1 state of
34Si at the
center area is almost spherically symmetric. Therefore,
it is convenient to define an average density to study the
semi-bubble structure:
ρ¯qλ(r) =
∫
ρqλ (~r) dΩ
4π
=
∑
mni
δjmjnδlmln
4π
(
XλmiX
λ
ni + Y
λ
miY
λ
ni
)
Rm(r)Rn(r)
−
∑
mij
δjijjδlilj
4π
(
XλmiX
λ
mj + Y
λ
miY
λ
mj
)
Ri(r)Rj(r)
+ρqHF (r) (7)
in which the sum runs through either proton or neutron
states.
We are also interested in effect of the tensor inter-
action. And the zero-range Skyrme tensor term reads
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[27, 37]:
VT =
T
2
{[(σ1 · k
′)(σ2 · k
′)−
1
3
(σ1 · σ2)k
′2]δ(r)
+δ(r)[(σ1 · k)(σ2 · k)−
1
3
(σ1 · σ2)k
2]}
+
U
2
{(σ1 · k
′) δ(r)(σ2 · k) + (σ2 · k
′) δ(r)(σ1 · k)
−
2
3
[(σ1 · σ2)k
′ · δ(r)k]}. (8)
where T and U are the strengths of triplet-even and
triplet-odd tensor terms, respectively, r = r1 − r2, and
the operator k = (∇1 −∇2)/2i acts on the right and
k
′ = −(∇′
1
−∇′
2
)/2i acts on the left.
To compare the reduced transition strength
B(E2; 0+1 → 2
+
1 ) with the experimental result, the
transition operator for Jpi = 2+ we use is:
Fˆ2M =
Z∑
i=1
er2i Y2M (Ωi) (9)
in which the sum only runs through protons.
The reduced transition strength can be calculated by
B(EJ ; 0+1 → λJM) =
∣∣∣∣∣
∑
mi
(
Xλmi + Y
λ
mi
) 〈
m
∣∣∣∣∣∣FˆJ
∣∣∣∣∣∣ i〉
∣∣∣∣∣
2
(10)
To evaluate the contribution of a particular ph config-
uration nj to the reduced transition strength, we define
a weight factor for this configuration:
Wλnj =
(
Xλnj + Y
λ
nj
) 〈
n
∣∣∣
∣∣∣FˆJ
∣∣∣
∣∣∣ j〉
∑
mi
(
Xλmi + Y
λ
mi
) 〈
m
∣∣∣∣∣∣FˆJ
∣∣∣∣∣∣ i〉 (11)
The sum of this factor for all configurations is equal to
1, so it can appropriately reflect the contribution of each
configuration.
III. NUMBERICAL DETAILS
The calculations are started by solving the HF equa-
tions in coordinate space with a radial mesh extending
up to 20 fm in a step of 0.1 fm. And a cutoff of s.p.
energy by 80 MeV is adopted in RPA calculation.
In the present calculations, the Skyrme type interac-
tions T36 and T44 [38] are employed, as recommended
in Ref. [31]. The tensor terms are manually switched
on (denoted as w/) and off (denoted as w/o) simulta-
neously in HF and RPA. Other terms of the interaction,
including the central term, the two-body spin-orbit inter-
action, and the Coulomb interaction, are included in both
HF and RPA in all calculations. So the present calcula-
tions are fully self-consistent. And the energy weighted
sum rule (EWSR) in the present calculations agrees quite
well (the deviation is less than 0.2%) with the analytical
ones.
IV. RESULTS AND DISCUSSION
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FIG. 1: Proton s.p. energy levels calculated by em-
ploying T36 and T44. The tensor terms are manually
switched on and off. The label (w/o) and (w/) denotes
the results calculated without and with tensor interac-
tion, respectively.
The proton s.p. energy levels of 34Si calculated with
HF in both T36 and T44 cases are displayed in Fig. 1. It
is shown that the tensor interaction has a significant im-
pact on the s.p. levels by influencing the spin-orbit split-
ting, as been pointed out in Ref. [39, 40]. It is also obvi-
ous to see that the tensor terms in T36 has much more
remarkable influence on the s.p. energy in 34Si than that
in T44. In T36, the energy splitting of the proton 1p1/2
and 1p3/2 states is reduced from 4.23 MeV to 2.15 MeV
by the tensor terms while in T44 the value is reduced
from 3.80 MeV to 3.64 MeV. We note that the reduction
of the spin-orbit splitting in T36(w/) case is mostly con-
tributed from the tensor force, instead of the change in
the spin-orbit field which is related to the density distri-
bution. We will show later that the tensor terms turn
out to have a marginal effect on the density distribution
of both ground state and 2+1 state. The different levels
of tensor effect in T36 and T44 can be easily understood
by comparing the triplet-even and triplet-odd strengths
for the tensor interaction, i.e. T and U in formula (8),
in these two parameter sets. In T36, [T, U ]=[27.2,341.8],
while in T44, the values are [521.0,21.5]. Since 34Si is
spin-orbit saturated for neutron, according to formula (4)
in Ref. [39], the triplet-odd term will have much more
important influence on the proton spin-orbit potential
than the triplet-even term. It is also shown that the or-
der of the s.p. levels keeps unchanged with both T36 and
T44. Therefore, the density distribution in the ground
state will not be significantly influenced by the tensor
terms, and the bubble property of the ground state will
also keep unchanged.
The excitation energy and the reduced transition
strength B(E2;0+1 → 2
+
1 ) in both T36 and T44 cases are
dispalyed in Table I. It can be noted that when the tensor
3
terms are included, both T36 and T44 can well reproduce
the experimental energy and the B(E2) value. It is also
shown that the tensor interaction has a significant im-
TABLE I: Energy in units of MeV, B(E2;0+1 → 2
+
1 ) in
units of e2 fm4 with T36 and T44. The tensor terms
are manually switched on and off. The experimental
results are taken from [41, 42].
T36(w/o) T36(w/) T44(w/o) T44(w/) exp
E
2
+
1
4.142 3.299 3.643 3.429 3.326
B(E2) 109.5 104.0 104.8 99.3 85(33)
TABLE II: The diagonal ph matrix elements A(B) in
Eq. (4) of the most important configuration π2s1/2
⊗ π1d5/2 for the 2
+
1 state of
34Si. Mcentral, Mtensor,
Mso, MCoul denote the contribution of the central part,
the tensor parts, the two body spin-orbit part, and the
Coulomb part, respectively.
Mcentral Mtensor Mso MCoul
T36 0.590(0.547) 0.217(0.000) 0.198(0.000) 0.020(0.020)
T44 0.668(0.690) 0.014(0.000) 0.197(0.000) 0.020(0.020)
pact on the excitation energy of the 2+1 state while its
effect on the B(E2) value is not strong, which is similar
to the results of 48Ca and 208Pb in Ref. [30].
The different parts of the diagonal RPA matrix ele-
ments for the most important configuration π2s1/2 ⊗
π1d5/2 are displayed in Table II. It is shown that the
tensor effect in T36 is much more notable than that in
T44 in the RPA calculation for the 2+1 state. However,
in both cases, the tensor matrix elements are relatively
TABLE III: Amplitude of the π2s1/2 ⊗ π1d5/2 configu-
ration, the weight factor for B(E2) of this configuration
(denoted as Wλnj), and depletion factors for the ground
(0+1 ) and 2
+
1 state in
34Si with T36 and T44. The ten-
sor terms are manually switched on and off.
T36(w/o) T36(w/) T44(w/o) T44(w/)
X
2
− Y
2 0.965 0.976 0.967 0.963
W
λ
nj 0.746 0.766 0.757 0.757
F
0
+
1
max 31.2% 31.2% 26.2% 26.4%
F
2
+
1
max 0.4% 0.5% 0 0
small compared with those of the central term. There-
fore, the tensor effect in the RPA calculation is relatively
small. The two body spin-orbit, and the Coulomb ma-
trix elements are also displayed in Table II for reference.
They are small compared with those of the central term.
Fig. 2 displays the mean proton density distribution
with T36 and T44. For the ground state, the results of
T36 and T44 both indicate a notable proton semi-bubble
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FIG. 2: The average proton density distributions in
ground (0+1 ) state and 2
+
1 state with T36 and T44. The
tensor terms are manually switched on and off.
structure. It can be noted that the tensor interaction
has a negligible effect on the density distribution in both
cases, since it does not change the order of the s.p. levels
and only contributes to the spin-orbit potential in HF.
For the 2+1 state, the present results indicate that the
proton semi-bubble structure is very unlikely, which is
consistent with the previous study with GCM method
based on a relativistic energy functional [20]. Moreover,
the tensor effect on the density distribution in the 2+1
state is also negligible, as the contribution of the ten-
sor interaction to the RPA matrix elements is relatively
small.
To describe the depletion quantificationally, we use a
depletion factor [20]:
Fmax =
ρmax,p − ρcent,p
ρmax,p
(12)
with ρcent,p and ρmax,p being the center density and max-
imal density, respectively.
The amplitude of the most important configuration
π2s1/2 ⊗ π1d5/2, the weight factor for B(E2) of this con-
figuration and the depletion factors of the ground state
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and 2+1 state are listed in Table III. It can be seen that
the tensor interaction does not significantly influence the
amplitude of this important configuration. As a result, it
does not significantly influence the bubble property in the
2+1 state, which is reflected on the depletion factor. It is
also shown that this important configuration contributes
most to the B(E2) strength. Therefore, we are much
more confident to draw the conclusion that the 2+1 state
of 34Si is mainly caused by proton transiton from π1d5/2
orbit to π2s1/2 orbit. A large amplitude of this configura-
tion indicates that the π2s1/2 orbit has a large possibility
to be occupied. Consequently, the proton semi-bubble is
filled and disappears in the 2+1 state.
V. SUMMARY AND PROSPECTS
The fully self-consistent HF+RPA method has been
used to study the proton semi-bubble structure in the 2+1
state of 34Si. The present results with T36 and T44 can
well reproduce the experimental energy and B(E2) value.
A very large amplitude of π2s1/2 ⊗ π1d5/2 configuration
indicates that the 2+1 state of
34Si is mainly caused by
proton transiton from π1d5/2 orbit to π2s1/2 orbit. As
a result, the proton semi-bubble structure is filled and is
unlikely to exist in the 2+1 state of
34Si.
The tensor effect on the proton semi-bubble structure
in the 2+1 state of
34Si has been studied by manually
removing the tensor terms from T36 and T44. It is shown
that the tensor interaction has a significant effect on the
s.p. levels and the excitation energy of the 2+1 state in
34Si. But its effects on the B(E2) value and the density
distribution of the ground and 2+1 state are very small.
As mentioned in the introduction part, a (semi-)bubble
structure is expected to exist in many nuclei, including
some heavy, superheavy and hyperheavy systems. To ex-
tend the study to these nuclei, a projected Hartree-Fock-
Bogolyubov (PHFB) plus projected quasiparticle ran-
dom phase approximation (PQRPA) method is needed
to develop in the future. Systematic calculations are also
needed to search for (semi-)bubble structure or other ex-
otic density distribution in excited states of different nu-
clei.
Acknowledgments
This work is supported by the National Natural Sci-
ence Foundation of China under Grant Nos. 11375266,
11575120, and 11575148.
[1] H.A. Wilson, Phys. Rev. 69, 538 (1946).
[2] G. Gamow, Biography of Physics (Harper and Row, New
York, 1961), p. 297.
[3] C.Y. Wong, Phys. Lett. B 41, 451 (1972).
[4] K.T.R. Davies, S.J. Krieger, and C.Y. Wong, Nucl. Phys.
A 216, 250 (1973).
[5] X. Campi and D.W.L. Sprung, Phys. Lett. B 46, 291
(1973).
[6] M. Beiner and R.J. Lombard, Phys. Lett. B 47, 399
(1973).
[7] G. Saunier, B. Rouben, and J.M. Pearson, Phys. Lett. B
48, 293 (1974).
[8] S.G. Nilsson, J.R. Nix, P. Mo¨ller, and I. Ragnarsson,
Nucl. Phys. A 222, 221 (1974).
[9] M. Grasso et al., Phys. Rev. C 79, 034318 (2009).
[10] H. Nakada, K. Sugiura, and J. Margueron, Phys. Rev. C
87, 067305 (2013).
[11] T. Duguet, V. Soma`, S. Lecluse, C. Barbieri, and P.
Navra´til, Phys. Rev. C 95, 034319 (2017).
[12] Y. Chu, Z. Ren, Z. Wang, and T. Dong, Phys. Rev. C
82, 024320 (2010).
[13] E. Khan, M. Grasso, J. Margueron, and N. Van Giai,
Nucl. Phys. A 800, 37 (2008).
[14] J. Decharge´, J.-F. Berger, K. Dietrich, and M.S. Weiss,
Phys. Lett. B 451, 275 (1999).
[15] M. Bender, K. Rutz, P.-G. Reinhard, J.A. Maruhn, and
W. Greiner, Phys. Rev. C 60, 034304 (1999).
[16] W. Nazarewicz, M. Bender, S. C´wiok, P.-H. Heenen, A.
Kruppa, P.-G. Reinhard, and T. Vertse, Nucl. Phys. A
701, 165 (2002).
[17] J. Decharge´, J.-F. Berger, M. Girod, and K. Dietrich,
Nucl. Phys. A 716, 55 (2003).
[18] J.M. Yao, S. Baroni, M. Bender, and P.-H. Heenen, Phys.
Rev. C 86, 014310 (2012).
[19] A. Mutschler et al., Nat. Phys.13,152 (2017).
[20] J.M. Yao, H. Mei, and Z.P. Li, Phys. Lett. B 723, 459
(2013).
[21] X.Y. Wu, J.M. Yao, and Z.P. Li, Phys. Rev. C 89, 017304
(2014).
[22] Y.Z. Wang, J.Z. Gu, X.Z. Zhang, and J.M. Dong, Chin.
Phys. Lett. 28, 102101 (2011).
[23] Y.Z. Wang, J.Z. Gu, Z.Y. Li, G.L. Yu, Z.Y. Hou, Eur.
Phs. J. A 49,15 (2013).
[24] Y.Z. Wang, Z.Y. Hou, Q.L. Zhang, R.L. Tian, and J.Z.
Gu, Phys. Rev. C 91, 017302 (2015).
[25] O. Sorlin and M.G. Porquet, Prog. Part. Nucl. Phys. 61,
602 (2008).
[26] F. Rotaru et al., Phys. Rev. Lett. 109, 092503 (2012).
[27] C.L. Bai, H. Sagawa, H.Q. Zhang, X.Z. Zhang, G. Colo`,
and F.R. Xu, Phys. Lett. B 675, 28 (2009).
[28] C.L. Bai, H.Q. Zhang, X.Z. Zhang, F.R. Xu, H. Sagawa,
and G. Colo`, Phys. Rev. C 79, 041301(R) (2009).
[29] C.L. Bai, H. Sagawa, G. Colo`, Y. Fujita, H.Q. Zhang,
X.Z. Zhang, and F.R. Xu, Phys. Rev. C 90, 054335
(2014).
[30] L.G. Cao, G. Colo`, H. Sagawa, P. F. Bortignon, and L.
Sciacchitano, Phys. Rev. C 80, 064304 (2009).
[31] Li-Gang Cao, H. Sagawa, G. Colo`, Phys. Rev. C 83,
034324 (2011).
[32] P. Ring and P. Schuck, The Nuclear Many-Body Problem
(Springer-Verlag, New-York, 1980).
[33] D.J. Rowe, Nuclear Collective Motion: Models and The-
ory (World Scientific, Singapore, 2010).
[34] D. Vautherin and D.M. Brink, Phys. Rev. C 5, 626
5
(1972).
[35] G. Colo`, L. Cao, N.V. Giai, and L. Capelli, Comput.
Phys. Commun. 184, 142 (2013).
[36] J. Terasaki, J. Engel, Phys. Rev. C 76, 044320 (2007).
[37] T.H.R. Skyrme, Nucl. Phys. 9, 615 (1959).
[38] T. Lesinski, M. Bender, K. Bennaceur, T. Duguet, and
J. Meyer, Phys. Rev. C 76, 014312 (2007).
[39] G. Colo`, H. Sagawa, S. Fracasso, and P-F. Bortignon,
Phys. Lett. B 646, 227 (2007).
[40] D.M. Brink and F. Stancu, Phys. Rev. C 75, 064311
(2007).
[41] S. Nummela et al., Phys. Rev. C 63, 044316 (2001).
[42] R.W. Ibbotson et al., Phys. Rev. Lett. 80, 2081 (1998).
6
